Galilean Covariance and The Gravitational Field 
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The paper is concerned with the development of a gravitational field theory having locally a 
covariant version of the Galilei group. We show that this Galilean gravity can be used to study the 
advance of perihelion of a planet, following in parallel with the result of the (relativistic) theory of 
general relativity in the post-Newtonian approximation. 
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I. INTRODUCTION 



Since the birth of general relativity, several studies 
have been addressing the problem of an analogous (n- 
form) formulation for the non-relativistic theory of grav- 
itation [l|, 0, 3 0, S @, 01, which has as a fundamen- 
tal structure the Galilei group. Beyond that, the inter- 
est in such a covariant description of the Galilei physics 
lies in the fact that some phenomena are restricted to 
Galilean regime. A known example is the superfluidity 
phenomenon, existing at low velocity, only [8[. Partic- 
ularly in cosmology, in order to understand the large 
scale structures of the universe, the Newtonian gravity 
is required. Besides that, the rotation curve of galax- 
ies is obtained with a Newtonian formalism [9], which 
was the first step to point to the existence of dark mat- 
ter [13, [ill, [l^l • In a general sense, the Newtonian gravity 
theory is a natural choice to verify some insights on grav- 
itation; thus if new ideas emerge from the development 
of general relativity, or even from a better theory than 
that, it has to be tested in order to reproduce the known 
results. In this sense, a geometric formulation of gravity 
based on the Galilei group (a Galilei gravity theory) may 
be of interest; and this is one of our goal here. 

For such a purpose, it is important to develop a co- 
variant form of Galilean transformations, since Galilei 
group acts as the symmetry group of Newtonian the- 
ory [j, [3| . This approach has been achieved by consider- 
ing the space-time transformation in th e lig ht-cone of a 
5-dimensional Minkowski space-time [1, Il3l . [TJ, [H, [l^ ■ 
The 5-momentum vector is interpreted physically by con- 
sidering 3 components describing the Euclidian momen- 
tum; one component standing for energy and the fifth 
component describing mass. In terms of space canoni- 
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cal coordinates, one has three components for the space 
coordinates; one coordinate for time and the fifth compo- 
nent is associated to velocity. The consequence has been 
several developments for the non-relativistic classical and 
quantum field theory [H, [H, [H, [M [S [S [S [13, HH . 

In this context of non-relativistic covariant physics, 
Duval et al [3] have addressed the problem of the 
gravitational field, using Bargmann structures, rather 
than Galilei group. In another direction. Carter and 
Chamel 5] adapted the procedures used in general rel- 
ativity for application in purely Newtonian framework 
in order to provide new insights other than that of 3-1-1 
decomposition of space-time. The formalism have been 
applied in the construction of a Newtonian fiuid model 
to treat effects of superfluidity in neutrons stars |6(, 
Here we follow a different perspective, avoiding the use 
of such a decomposition, since we work in the five dimen- 
sional space exploring the Galilei group. We develop a 
geometric description of a Galilean gravity parallelizing 
the usual general relativity. As an application we study 
the advance of perihelion of a planet and compare it to 
the results derived in the post-Newtonian version of the 
theory of general relativity. 

Although our approach is quite close to the general rel- 
ativity, they differ from each other by the fact that one is 
locally Lorentzian and the other is Galilean. The struc- 
ture is the same and the equations will assume a similar 
tensor form, but the physical meaning is different. Since 
Galilei transformations are described in five dimensions 
as linear, similar to the Lorentz group, the tensor formal- 
ism developed in the context of general relativity, may 
be used. As a central result, our conclusions are genuine 
manifestations of the Galilean gravity and do not follow 
approximations of any kind of Einstein's equations, as it 
is the case, for example, in the post-Newtonian approxi- 
mation [22| . which is an expansion in terms of 1/c, where 
c is the speed of light. 

The paper is organized in the following way. In sec- 
tion 2, we set forth the notation and discuss briefiy some 
aspects of the covariant formulation of Galilean transfor- 
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mations. In section 3 we establish a geometrical formu- 
lation of Galilean gravity and in section 4, we apply it 
to the case of Schwarzschild-like line element to calculate 
the precession of the perihelion of a planet. In section 5, 
we present some concluding remarks. 



II. COVARIANT GALILEAN 
TRANSFORMATIONS 

The Galilean transformations are given by 

x' = Rx-Yt + a 
t' ^ t + b, (1) 

where i? is a 3-dimensional Euclidian rotation, V is the 
relative velocity defining the Galilei boost, a stands for a 
space translations and b a time translation. In this realm 
of Galilean symmetries describing low velocities process, 
one can introduces a linear space-time tensor structure 
by noticing the following. 

In non-relativistic physics, the dispersion relation for 
a free non-relativistic particle is given by = p^/2m, 
where E is the energy, p is the 3-dimensional momentum 
and m is the mass. This dispersion relation can also be 
written as 



2mH = 0. 



(2) 



Now let us consider the physical observable describing 
momentum as a quantity consisting of five entries, that 
is pf^ = (p,p^,p^), where /x = 1,...,5, p is standing for 
the 3- vector momentum, p'^ — E/c' is the energy, and 
p^ = dm is mass. Here c' is a constant with units of 
velocity. We take c' = 1. Using this notation, and in 
order to recover Eq. ([2]) , we write a general 5-dimensional 
dispersion relation, i.e. p^p^^ = p^'p^ry^jy = — 2p^p^ — 
k^, where 



/ 1 

1 

1 
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(3) 



1 / 



This is taken as a metric tensor, that has been introduced 
in different ways in the literature, in particular, it was 
obtained in a (1+1) theory of gravitation by Cangemi 
and Jackiw [23j . 

Let us define the set of canonical coordinates associ- 
ated to pf^, by writing a 5- vector in Ai as q'^ = (q, 9^, g^). 
The entries in are physically interpreted as follows: q 
is the canonical coordinate attached to p; is the canon- 
ical coordinate associated to E, and so it can be consid- 
ered as the time coordinate; q^ is the canonical coordi- 
nate associated to m, and is explicitly given in terms of 
q and q'^ according to the corresponding dispersion rela- 



tion, leading to g,,g^ = qi^q^rj^i, 



or infinitesimally, we obtain 5q^ = v • Sq/2. Therefore 
the fifth component is basically defined by the velocity. 

Let us study in more detail the content of canonical 
coordinates, by introducing a symplectic structure in the 
cotangent bundle T*A4, through the 2- form lu , 



= ■q'^'^dqi, A dpy 



Defining the vector field, 

dpf_, dqt" 



Xt 



M = l,2,...5. 

dl_d_ 
dqi^ dp^ ' 



(4) 



where / is a C°° function in the 10-dimensional (phase 
space) manifold with coordinates {q^,p'^), we have 

uJ{Xf,X^,) = {f,h} 

= dq{Xf)dp{Xh) - dp{Xf)dq{Xh), 
df dg dg df , 



dp" dqt^ dp" 



where {/,<?} is the Poisson bracket. Observe that, since 
wiXh) = dh, we have {/, h} = df{Xh) = (df, Xh). 
Defining a flow by 



d^f^~X,J, 



(5) 



where f{q,p) is a real (C°°) density distribution function 
in fi, then, in terms of components, we have from Eq. ([5]), 



^^f = -XpJ^ 

dif = -XpJ> 

drj = -XpJ< 



^^.f = {p^J}, 

■ d,f = 0. 



(6) 
(7) 
(8) 



Consistency relations are given by Eq. dH) and (O, while 
Eq. ([7]) describes the Liouville equation. In this way 
we recover the classical theory in the Liouville-Poisson 
representation. 

Let us now turn our attention to the set of linear 
non-homogeneous transformations in M of type q'^ = 
^^q" + , leaving (dq'^dq'^) invariant. In addition, 
we consider transformations connected to the identity, 
such that|A| = 1. In this case, for infinitesimal transfor- 
mations we have A^^ = 5^^ + e^^^. Then we identify 15 
generators of transformations. Using the definition 



^^q^' 
da 



d 



(9) 



PfiP^ = 0, we have to take s = 0, leading to q^ = q /2<; 



where Ka is the generator associated with the group pa- 
rameter a (which also labels the group generators), we 
have 



(10) 

(11) 
(12) 
(13) 
(14) 
(15) 
(16) 



J3 = 


-i{q^d2 


- x^ai). 


Jl = 


~t{q^ds 


- q'd2), 


J2 = 


~i{q^di 


- q'ds), 




t{q^d,+ 


q'd5), 




t{q^d,+ 


q'di), 


D = 


i{q^di - 


- q^'d,), 


h = 
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where i = 1,2,3 and fi = 1,2, ...,5. These generators 
satisfy the foUowing commutation relations: 



we define covariant and contravariant components of ten- 
sors as usual. Taking a non-flat manifold where locally 
the metric is 77, we define a covariant derivative as 



[Kh] = 0, 
where Map (a, /? = 1, 5) are defined by 



(17) 
(18) 
(19) 



(28) 



My- = 


-Mji 


— £ijkJk, 


(20) 


Ms, = 




= Gi, 


(21) 


Mi, ^ 




— Ci, 


(22) 


M54 = 


-M45 


= D. 


(23) 



where F^^ is a connection that stipulates the nature of 
Galilean space-time. The covariant derivative of a scalar 
reduces to the normal derivative. 

Let us give a definition for the curvature tensor. The 
current idea to define curvature resides on an intuitive 
concept. If we consider a vector field X^ on a closed cir- 
cuit on a manifold and if there is any change in direction 
of X^^ after a round around the circuit then we say that 
this manifold is curved. Mathematically it is stated as 



(29) 



The commutation relations given in Eqs. p?l) - P^ is a 
Lie algebra, that we denote by g. A subalgebra of g is 

[Li.Lj] = lEijuLk, [Li, Pj] ~ iSijkPk, [Li, Bj] — iSijkBk, 
[%,Pi] = iP„ [B„Pj]^tP5S,j, (24) 

corresponding to the Galilei-Lie algebra with the usual 
central charge P5 describing mass. Notice that here the 
central charge arises naturally from the isometry in 5- 
dimensions. 

The dispersion relation PpP^ = defines a Galilean 
vector in the light-cone. However, in a more general case 
we have 



where i?" -ypx is the curvature tensor. We assume that 
when there is no gravitational field, the curvature tensor 
vanishes. 

The metric tensor is a covariant tensor of rank 2. It 
is used to define distances and lengths of vectors. The 
infinitesimal distance between two points and x°' + dx'^ 
in curved manifold defined from A4 is defined by 



ds^ — Qpydx^dx'^ , 



(30) 



where g^i, is the metric tensor. The relation pO[) repre- 
sents the line element as well. We have to notice that the 
metric r]pi, in ([3]) defines a flat line element. The imposi- 
tion that the covariant derivative of metric is zero yields 
the following expression for the connection 



p^pi^ = - 2mE = fc^ 



E + k^/2m = — . 

2 m 



(25) 



(dxgsp + dpgsx ~ dsgxp) ■ (31) 



The constant fc^ is absorbed into the energy by means of 
the definition E' — E + k"^ /2m. Therefore, we recover 
the dispersion relation E' = p^/2m, which is physically 
consistent. Then we can work with ^ 0. 



III. GEOMETRIC APPROACH TO GALILEAN 
GRAVITY 

In order to generalize this formalism to a curved 
Galilean space-time, we introduce Galilean tensor. Con- 
sidering 



When the connection is written as in Eq. ([31]) the mani- 
fold is said to be an affine manifold. 

The curvature tensor defined in affine manifold has the 
following properties: 



L^XfpL' 

0. 



(32) 



These properties are derived from Eq. (j29p . If we perform 
a contraction of the indices of the curvature tensor then it 
is possible to define the Galilei-invariant curvature scalar 



R = g^'^g^^R^pXu. 



(33) 



dx>" 
dx" 



(26) 



where ^ is given explicitly by 



To generate the field equations, we write a Lagrangian 
invariant under Galilean transformations. A natural can- 
didate is the curvature scalar, then the action in a general 
form is 



X 

x^' 

^5 / 



R 
V- 





-V-R 1 ^V^ 



dQ{^/^R + kLm) ; 



(34) 



(27) 



where g — detgp,^, k is the coupling constant, Lm is a 
matter lagrangian density and dVl is the 5-dimensional 
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element of volume. 
9tj.i^, we obtain 



Varying the action with respect to 



SLm. 



(35) 



where the latter equation defines the energy-momentum 
tensor of matter fields and R^j^i, — ^ai^- Thus the field 
equation becomes 



(36) 



These equations have the same form as for the General 
Relativity equations, since the Galilean transformations 
are written in a way similar to Lorentz transformations. 
Let us note that, the quantity k is just a coupling con- 
stant between the Galilean gravity and matter fields (it 
has nothing to do with Einstein's constant). 

We have to note that the equations in with /i = 4, 
i.e. the equations 



R^ 



1 



StR = kT^ 



(37) 



contain only the first order derivative of the components 
of 5^1/ with respect to time. Actually in ((37| the compo- 
nents of the form i?4i4j drop out, where the indices i and 
j run from 1 to 3 and assume the value 5 as well. In face 
of this we note that some components of time derivative 
of the metric tensor are associated with the freedom of 
the choice of the system of coordinates. So we have to 
specify in a particular coordinate system only the time 
derivatives of gij as initial conditions. Therefore we see 
the ten equations 



R'.-^S^R 



kT 



(38) 



consider this line element to study the movement of a 
planet. 

The space-time in the exterior region of a massive body 
can be described by the line element in Eq. (|39p. For 
example, for the system composed of Sun and Mercury, 
only force acting on this system is the gravitational one. 
Therefore, the movement will be geodesic. A two-body 
system can be described by means of the reduced mass 
as a consequence we deal with a one body system. We 
perform the calculations considering the mass in the line 
element as the reduced mass. 

The geodesic movement can be described by means 
a variational principle where the action is the interval 
between two events in space-time. Then the equation of 
movement is given by Euler-Lagrange equation, i.e. 



(40) 



6s — J Sds — J SLdr 



where the dot represents the derivative with respect to 
the proper time r. The meaning of proper time remain 
the same of that defined in General Relativity, once our 
theory share the same feature with respect to transfor- 
mation of coordinates. In this context the proper time 
is 



(41) 



where the coordinate t could not assume necessarily the 
meaning of time. Thus the meaning of each coordinate 
depends on which system of coordinates one is using. 

1 /2 

Instead of working with L = {g^^x^x^ ) ' , we consider 
the quantity defined by 



(42) 



where the indices i and j run from 1 to 3 and assume 
the value 5 as well, as dynamical equations and the five 
equations ([37)1 as constraint equations. 



IV. THE SCHWARZSCHILD-LIKE LINE 
ELEMENT: THE ADVANCE OF THE 
PERIHELION OF A PLANET 



which obey the Euler-Lagrange equation as well. Of 
course K can be set equal to a constant which takes the 
possible values 1, -1 or 0. This relation is completely sim- 
ilar to that given in Eq. (|25p defined on the fiat Galilean 
space-time. If we perform the sum in Eq. (j42p . the ex- 
pression assumes the following form 



/ 



-V2 



„2fl2 



sin^ ( 



2/ts 



a . 



(43) 



Since the metric determines every feature of a sys- 
tem described by a geometrical approach, we intend to 
get a spherically symmetric metric [24]. Then we in- 
troduce a Galilean Schwarzschild solution. The Galilean 
Schwarzschild line element is defined by 



sin^ 



dd(f)^~f{r)dsdt, (39) 



where as usual / = 1 — 2M/r. This metric describes 
a system with spherical symmetry. In the following we 



If we put K into the Euler-Lagrange equation and con- 
sider this movement restricted to a plane {9 — 7r/2), since 
the angular momentum is a constant, then we get for 
fi = (3,4, 5) the following equations, respectively. 



r^cl) = h, fs^ 13, ft 



(44) 



These equations represent conservation laws. In fact, the 
quantities k, P and h are related to energy, mass and 
angular momentum respectively. The relations given in 



5 



Eq. (|44|) can be substituted into Eq. 
leading to 



,2 ^ f 



431) with e = 7r/2, 



(45) 



At this point we find an equation for the trajectory 
by changing the variable in Eq. ([5S]). We define U = 
U{(j)) = i; such that the derivative of U with respect to 
(j), which will be designated by U' , is equal to h times the 
derivative of r with respect to the proper time. The final 
equation is, 



(46) 



Taking the derivative of the above equation with respect 
to 4> and remembering that / = 1 — 2M/r, we obtain the 
trajectory equation, 



Choosing a = —I, we have 



aM 



M 



(47) 



(48) 



which is the same equation obtained in General Rela- 
tivity. In this context, however, there does not exist a 
relation of causality due to the constancy of velocity of 
light, since there is no such imposition in a Galilean the- 
ory. As a consequence, the advance ofperihelion of a 
planet is given by the usual expression [25| 



— Gtt- 



(49) 



It is important to rewrite Eq. ((49|) with the constants 
G and c'. In this case we have 



Gtt- 



2r2(l -e2) ' 



(50) 



where c' is a typical velocity of the system to be fixed 
experimentally for the Galilean symmetry, M is the re- 
duced mass, T is the period of the movement, e is the 
eccentricity of the orbit and a is semi-major axis of the 
ellipse. We have to note that Scj) is dimensionless. 

In order to get the well known Newtonian equation for 
the planetary movement under the influence of a force 
proportional to the inverse of square radius, we have to 
rewrite Eq. ([^5)) with the constants G and c', such that 



U 



U = G^+3^MU\ 



(51) 



This assumes the post- Newtonian equation for the plane- 
tary movement, up to the second term on right-hand-side 
of above equation. This term is a correction of the clas- 
sical equation and the parameter c' can be taken exper- 
imentally. Therefore the post-Newtonian equation arises 
from the 5-dimensional Galilean gravity if we consider 
the parameter to adjust dimensionality greater than the 
other parameters in Eq. (|5ip : thus establishing a weak 
field regime. It is important to notice that Eq. ((50)) 
gives a precession of 43" / century for planet Mercury, 
since the parameter c' is taken to be velocity of light 
c. The consistence of this choice can be established by 
noticing that, taking the Lorentz definition of energy 
and the limit oi v/c much less than 1, then energy and 
momentum are related by _E = /(2m) H- mc^ , corre- 
sponding to a dispersion relation as given in Section 2, 



p2 - 2pV = k^, with P = 2{mcf 



CONCLUSION 



We have established a geometric theory of gravity in 
the framework of Galilean symmetry. These transforma- 
tions are taken in a covariant form and the flat space-time 
is defined with the Galilean metric. With curved space- 
time we have associated this to the gravitation, in par- 
allel to the usual relativistic case. Then we construct a 
Schwarzschild-like line element, which is spherically sym- 
metric, and apply it to the movement of a planet. As a 
result, we derive the post-Newtonian result of the general 
relativity in a covariant form. We have shown that our 
equation assumes the Newtonian form in the weak field 
regime. One basic physical new fact to be learned from 
all this is that, the advance of perihelion of a planet is a 
geometric effect that can be described fully in a Galilean 
covariant theory. 

It would be of interest to analyze other related prob- 
lems in this context of Galilean gravity, as for instance 
the bending of light, other gravitation models such as cos- 
mological models ,26j . the hamiltonian approach which 
could reveal more about the structure of field equations 
and a Galilean gauge theory. These aspects will be dis- 
cussed elsewhere. 
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